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, [Shl] VOA ,
VOA .




(II) $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})$ $V_{L}^{+}$ $H_{L}=C_{Au’(V_{L})}(\theta)/(\theta)$









$V$ , $M=(M, Y_{M})$ VV .
$Y_{M\circ g}(v, z):=Y_{M}(gv, z)$
$M$ . , $M\circ g=(M, Y_{M\circ g})$ VV .
Aut(V) VV {\not\in . .




$L$ $V_{L}$ . ,
[FLM] 7 8 . , Dong-Nagatomo
([DN1]) $\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{V}_{L})$ . , 1 $L$
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})$
$\theta$ . $\theta$ 2 , $V_{L}$ $\theta$
$V_{L}^{+}$ -1 $V_{L}^{-}$ . $V_{L}^{+}$ $V_{L}$
, $V_{L}^{-}$ $V_{L}^{+}$ .1
Dong-Nagatomo ([DN2]) 1 , Abe-Dong ([AD])
$V_{L}^{+}$ . VL+-
$[\mu]$ : $V_{\mu+L}$ $\mu\in L^{*}\backslash (L/’2)$ ,
$[\lambda]^{\pm}$ : $V_{\lambda+L}^{\pm}$ $\lambda\in L^{*}\cap L/2$ ,
$[\chi]^{\pm}$ : $V_{L}^{T_{\chi},\pm}$ $\Pi\overline{\mathrm{p}}4$ ,
. , $\chi$ $L$
, $L^{*}$ $L$ , $[\mu],$ $[\lambda]^{\pm}$ untwisted , $[\chi]^{\pm}$ twisted .2
$V_{L}^{+}$ $S_{L}$ .




[FLM] $\mathrm{B}$ $L$ $V_{L}^{+}$
1-1 $V_{L}^{+}$ [DGH].




$\mathrm{B}$ . $C$ $n$ $\mathrm{F}_{2}$ . $\Omega_{n}=\{1,2, \ldots, n\}$
, $\{\alpha_{i}|i\in\Omega_{n}\}$ $\mathbb{R}^{n}$ 2 . $C$ $\Omega$
, $c\in C$ $\alpha_{c}=\sum_{i\in c}\alpha_{i}$ .
$L_{B}(C)= \sum_{c\in C}\mathbb{Z}\frac{\alpha_{c}}{2}+\sum_{1\leq i,j\leq n}\mathbb{Z}(\alpha_{i}+\alpha_{j})$
(3.1)
( $C$ ) $\mathrm{B}$ . $C$ ,
4 $L_{B}(C)$
.
3.1 $\mathrm{B}$ $L$ $V_{L}^{+}$
$L$ $\mathrm{B}$ , $V_{L}^{+}$ [FLM]
11 .





$R_{L}=\{\lambda+L\in L^{*}/L|\lambda\in L/2,$ $|(\lambda+L)_{2}|\geq 2n+|L_{2}|\}$ .
.
32. $L$ $n$ . , $L$ $B$
$R_{L}\neq\phi$ .4
$\lambda+L\in R_{L}$ , (3.1) $\mathrm{B}$ $\{\alpha_{i}\}$ $\lambda+L$
.
3 [FLM] , $2_{+}^{1+24}\cdot Co_{1}$
. extended Golay code $G_{24}$ $\mathrm{B}$
$L_{B}(G_{24})$ VOA $V_{L_{B}(G_{24})}^{+}$ $V^{\mathfrak{h}}\sigma$) $\text{ }\mathrm{F}\prod\overline{l}$ $2_{+}^{1+24}\cdot Co_{1}$
.
4 VOA .
$R_{L}$ VOA $V_{L}^{+}$ .
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4 $V_{L}$
$V_{L}^{+}$ $\theta$ Aut $(V_{L})$ $C_{\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})}(\theta)$ $V_{L}^{+}$ .
$H_{L}$ $=C_{\mathrm{A}\mathrm{u}\mathrm{t}(V_{L})}(\theta)/\langle\theta\rangle$ .
$H_{L}$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ ? .
[DG] , $L$ 1 $L\subseteq \mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$
$L=2A_{1}$ . [MM] $L\cong\sqrt{2}D_{4}$ , [Gr] $L\cong\sqrt{2}E_{8}$
$H_{L}\sim\subset \mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ .




4.1. $H_{L}$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ $S_{L}$ VL- .
$V_{L}^{-}$ $[0]^{-}$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$
.
31, 41 $L$ $\mathrm{B}$ $H_{L}$ $V_{L}^{+}$
$\sigma$ . , $2A_{1}=L_{B}(\{(0)\}),$ $\sqrt{2}D_{4}=L_{B}(\{(0^{4})\}),$ $\sqrt{2}E_{8}=$
$L_{B}(\{(0^{8})_{7}(1^{8})\})$ . $[\alpha_{1}]^{+}\circ h=[\alpha_{1}]^{-}$ $V_{L}^{+}$
$h$ .
4.2 $H_{L}$ $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$
$V_{L}^{-}$ $[0]^{-}$ $Q_{L}$ [0]-
. $Q_{L}$ [0]- .
, 2.1 $Q_{L}$ $V_{L}^{-}$ , $[0]^{-}$
. $S_{L}$ , .
42. $L$ $n$ .
$Q_{L}\subseteq\{$
$\{[0]^{-}, [\lambda]^{\pm}\}$ if $n\neq 8,16$ ,
$\{[0]^{-}, [\lambda]^{\pm}, [\chi]^{-}\}$ if $n=8$ ,
$\{[0]^{-}, [\lambda]^{\pm}, [\chi]^{+}\}$ if $n=16$ ,
. $\lambda+L$ $R_{L}$ .6
$\mathrm{s}R_{L}$ \mbox{\boldmath $\varpi$}*p- $\#\mathrm{E}V_{L}^{-}\text{ }V_{\lambda+L}^{\pm}\text{ }$ 1 $\mathrm{t}t\supset$ . 32 $R_{L}$
.
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$Q_{L}$ $[\lambda]^{\pm}$ $R_{L}\neq\phi$ , 32 $L$ $\mathrm{B}$
. $Q_{L}$ $[$0$]^{-}$ twisted
. 4.2 $n=8$ 16 . twisted
untwisted unimodular
. $E_{8},$ $E_{8}\oplus E_{8},$ $\Gamma_{16}$ 3 .
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ .
4.3. $L$ . $Q_{L}$ $[$0$]^{-}$ 1 twisted
$L\cong E_{8}$ .
.
4.4. $L$ . $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ $H_{L}$
$L$ $B$ $L\cong E_{8}$ .
4.3 twisted
$Q_{L}$ twisted . $L=E_{8}$
, $L\neq E_{8}$ . 44 $C$
$L=L_{B}(C)$ . $L$ $C$ . twisted
, 8, 16 , $\sigma$
.
4.5. $L=L_{B}(C)$ $n$ $C$ $B$
. $Q_{L}$ twisted
.
(A) $n=8$ $C$ 1 .
(B) $n=16$ $C$ Reed-Muller $RM(1,4)$ .
4.6. (A) $n=8$ $L$ $\sqrt{2}E_{8}$




(1) $L$ $\mathrm{B}$ , $R_{L}=\phi$ .
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(2) $L=L_{B}(C)$ $C$ 45 (A) (B) .
(3) $L=L_{B}(C)$ $C$ 45 (A) (B) .
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ .
5.1 (1)
$L\cong E_{8}$ $|Q_{L}|>1$ . $V_{L}^{+}\cong V_{D_{8}}$ .
[DN1] $\mathrm{A}\mathrm{u}\mathrm{t}(V_{D_{8}})$ , $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ . $L\not\cong E_{8}$




$Q_{L}=\{[0]^{-}, [\lambda]^{\pm}|\lambda\in R_{L}\}$ .
, .
5.1. $P_{L}=\{[0]^{+}\}\cup Q_{L}$ 2Q .
$\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ $[0]^{+}$ , $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ $P_{L}$ . ,
, $\varphi$ : $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})arrow GL(P_{L})$ . .
$H_{L}$
, , ${\rm Im}\varphi$ $\varphi(H_{L})$ ,
${\rm Im}\varphi$




$Q_{L}=\{[0]^{-}, [\lambda]^{\pm}, [\chi]^{\epsilon}|\lambda\in R_{L}\}$ .
$n=\mathrm{S}$ $\epsilon=-,$ $n=16$ $\epsilon=+$ , $\chi$ .
6 $l3;[\mathrm{K}\mathrm{K}\mathrm{M}]$ \emptyset $\mathrm{B}$ (
$\mathrm{t},\mathrm{a}$
$H_{L}$ $Q_{L}\backslash \{[0]^{-}\}$ 1 . { { $\varphi$ l $Q_{L}$ { 2
. 2 , $\varphi$
$\grave{\grave{\mathrm{h}}}$ { $n=4$ ] ${\rm Im}\varphi\cong \mathrm{A}_{7}\sigma$)
. .
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(2) , $Q_{L}$ $[0]^{+}$ .
$S_{L}$ .
. $L$ $2L^{*}\subset L$
2-elementary , $v\in L^{*}$ $\langle$ v v) $\in \mathbb{Z}$ totally
even . 4
52. $L$ 2-elementa totally even . $S_{L}$
2S .
$L$ 8 , $S_{L}$
, $q_{L}$ : $S_{L}arrow \mathrm{F}_{2}$
$q_{L}(W)=\{$
0if $\mathrm{c}\mathrm{h}(W)\in \mathbb{Z}[[q]])$
1if $\mathrm{c}\mathrm{h}(W)\in q^{1/2}\mathbb{Z}[[q]]$ ,
. $q_{L}$
. $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ , $q_{L}$ . , $\psi$ : $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})arrow$
$O(S_{L}, q_{L})$ .
(4) $\psi$ (3) $\psi$ , $\mathrm{A}\mathrm{u}\mathrm{t}(V_{L}^{+})$ .
6
$V_{L}^{+}$ , $V_{L}^{+}$ VOA
. ,
$V_{L}^{+}$ . (cf. [Sh3])
VOA
.
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